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Abstract. We give some necessary conditions and sufficient conditions 
for the compactness of the embedding of Sobolev spaces 



w v (£i, w) -> l p (n, w ) 

where w is some weight on a domain SI C R™. 



1. Introduction 

In the present paper, we give some necessary and sufficient conditions for 
the compactness of the embedding of Sobolev spaces 

(1.1) W l ' p {VL,w) — > L p {n,w). 

Our investigations were originated by a recent paper appeared in the Annals 
of Statistics (|17j). in which a new definition of Nonlinear Principal Com- 
ponents is introduced as follows: if X is an absolutely continuous random 
vector on an open connected set f2 C R n , with density function fx, zero 
expectation and finite variance, the j Nonlinear Principal Component of 
X is defined as a solution <pj of the maximization problem 

(1-2 max ^77^-77^^ 

V ' <KX)etyM(Q,/x)E(|W(X)| 2 ) 

subject to the conditions 

E(^(X),^(X)) = for s = 1,2,..., j -l,j> 1. 

Moreover, it is required that ipj has zero expectation. 

Here E(^, <p) denotes the usual scalar product in the Hilbert space 
L 2 (£l, fx) of square integrable functions on Q, with respect to the measure 
fx.dx, and W /1 ' 2 (^,/x) is the weighted Sobolev space 

w x ' 2 {n, fx) = {ue L 2 (n, fx) | Vi = l, n, d iU e L 2 (n, fx)} . 

It is well-known that the compactness of the embedding 

(i.3) w 1 ' 2 (njx)^L 2 (n,fx) 

turns out to be essential in order to prove the existence of an orthonormal 
set of Nonlinear Principal Components. 



I would like to thank Prof. E. Salinelli who suggested me the problem. 
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The problem of the compactness of the embedding for weighted 

Sobolev spaces has been studied by many authors (see e.g. 0, PH, [TTj). 
For a rich bibliography on this kind of problems we refer also to 0, |14j . 



Nevertheless, the attention has mainly focused on those classes of weights 
which arise in the study of partial differential equations, such as polynomial 
weights in unbounded domains, or, in bounded domains, weights depending 
on the distance from the boundary and, as concerns the Poincare-Wirtinger 
inequality, weights in A v classes and derivatives of quasi-conformal map- 
pings. Under this point of view an enormous amount of work has been done 
in the last years and a complete list of contributions is not possible here. 
Just to have an idea, see for example jH] , > HI > d] , HE] and the references 
therein. 

On the contrary, in the maximization problem (|1.2[) we have to deal with 
general density functions /x- 

Moreover, most of the criteria for the compactness of the embedding (jl.3|) 
which can be found in mathematical literature are not simple to be handled. 
In view of possible applications of Nonlinear Principal Components, it is 
important, instead, to have simple, easily applicable necessary and sufficient 
conditions on the density function /x and on the set f2 for the compactness 



In the present paper, we give some necessary conditions and sufficient 
conditions for the compactness of the embedding In section 2, we 

recall some basic facts about weighted Sobolev spaces. In section 3, we 
prove the weighted versions of some necessary conditions for compactness 
due to Adams (PQ). In section 4, we prove a sufficient condition for the 
compactness of showing that, under suitable hypothesis on the weight 

u>, if the subgraph 



of the weight is such that the embedding W l,p {Q w ) — ► L P (Q W ) is compact, 
then the embedding 1)1 is compact. In section 5, applying a sufficient 
condition for compactness in the non- weighted case due to Adams (PQ), we 
show some examples to which our sufficient condition is applicable. 



Let be an open domain in W 1 . We will denote by W(fi) the set of all real- 
valued, measurable, a.e. in 0, positive and finite functions w{x). Elements in 
W(Q) are called weight functions. For any Lebesgue-measurable set U C M. n 
and for w G W(£l), we will denote by [i w {U) the Borel measure defined by 



As usual, we will denote by C^°(Q) the set of all the smooth, compactly 
supported functions in Q. Moreover, we will denote by L p (f2, w), for 1 < 



of (PI) . 



&w ■= {0, y) £R n xR\x £Q, <y < w(x)} 



2. Preliminary facts 
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p < oo, the set of measurable functions u = u(x) such that 

(2.1) \\u\\Lp{n,w) = (J^ \u(x)\ p w(x) dx^J < +00. 

It is a well-known fact that the space L p (£l, w), endowed with the norm (|2.1|) 
is a Banach space. The following Proposition holds 

Proposition 2.1. Let 1 < p < 00. If the weight w(x) is such that 



(2.2) w(x) p- 1 <G £f oc (^) (in the case p > 1) 

(2.3) esssup x(?B — -— < +00 (in the case p=l), 

w(x) 

for every ball B C £1, then 

(2.4) LP(n,w)CLUn). 



For a proof, see ^Hj, [19] . 

As a consequence, under condition ()2.2() ( (|2.3|l ). convergence in L p ($l,w) 
implies convergence in L 1 1 oc (0). Moreover, every function in L p (Q,,w) has 
distributional derivatives. 

Definition 2.2. Let be an open set in M. n , let 1 < p < 00, and let w(x) 
be a weight function satisfying condition (|2.2|) (resp. (12.3(1 ). We define the 
Sobolev space W m ' p (£l,w) as the set of those functions u G L p (Q,w) such 
that their distributional derivatives D a u, for \a\ < m, belong to L p {Vt,w). 

It is a well-known fact that 

Theorem 2.3. Ifw(x) fulfills condition iTO)) (resp. W m > p (Q,w) is a 

Banach space. 

For a proof, we refer to |15j . 

Throughout the paper, we will always assume that w satisfy condition 
(t2~2l (resp. (tOl ). 

3. Necessary conditions for compactness 

In this section we derive some necessary conditions for the compactness 
of the embedding 

(3.1) w^ p (n,w) — >L p (n, w ), 

which are generalizations to the weighted case of analogous results obtained 
by Adams (P, for non- weighted Sobolev spaces. 

Let w(x) E W(£l) be a weight on an open set £1. Let T be a tesselation 
of M. n with n-cubes of edge h. If H 6 T, we will denote by N(H), as in pQ, 
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the cube of side 3h concentric with H and having faces parallel to those of 
H, and by F(H) the fringe of H, defined by 

F(H) := N(H)\H. 

The natural extension to the weighted case of the concept of A-fatness em- 
ployed by Adams is given by the following 

Definition 3.1. Let A > 0. A cube H € T is called (A,u>)-fat (with respect 
to n) if 

(3.2) n w (H nfi) > Xfi w (F(H) no). 
If H is not (A, w)-f&t, it is called (A, io)-thin. 

As in the non-weighted case, the following property holds: 

Theorem 3.2. Let 1 < p < oo. If the embedding i3.1\i is compact, then for 
every A > and for every tesselation T of fixed edge h, T has only finitely 
many (\,w)-fat cubes. 

Proof. The thesis follows from an easy extension of the proof of Theorem 
6.33 in pQ, where the Lebesgue measure \i is replaced by fi w and A-fat cubes 
are replaced by (A, w)-fat cubes. 

□ 

Remark Theorem 13.21 implies that if w is a weight on M. n which has the 
doubling property, the embedding (j3.1j) cannot be compact. In particular, 
the embedding (|3.1j) for A p weights on lR n cannot be compact. 

A consequence of Theorem l3,2l is the following result, which is the extension 
to the weighted case of Theorem 6.37 in The boundedness of the weight 
plays a crucial role and cannot be removed; a counterexample is given by the 
weight w(x) = x a on I = (0, 1) CR for a < —1, for which the embedding is 
compact (see ^Uj) even if L w(t) dt = +oo. 

Theorem 3.3. Ifw(x) is bounded and the embedding \3.1)) is compact, then 
necessarily 

(3.3) / w(x) dx < +oo. 

Jn 

Proof. The proof essentially follows the argument in pQ; we will give some 
details in order to show where the boundedness of the weight is essential. Let 
T be a tesselation of M 71 by cubes of unitary edge, and let A = (2(3 n — 1))~ . 
If P is the union of the finitely many (A, w)-f&t cubes of T, then ^(Pflfl) < 
fJ>w(P) < 

If H is a (A, u>)-thin cube of T, thanks to the choice of A we can choose 
Hi G F(H) such that /j, w (H < ^(i w {H\ n Q). Analogously, if also Hi is 
(A, u>)-thin, we can choose H2 € F{H\) such that fi w (HiC\fl) < l[i w (H2nQ). 
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If going on in this way we can construct an infinite chain {H, H±,H2, ■■■} of 
(A, ui)-thin cubes, then for every j £ N 

whence, thanks to the boundedness of w, 

C 

N(^nfi) < - 

for some positive constant C for every j £ N; thus, ii w {H H O) = 0. As a 
consequence, if we denote by the union of all the (A, u;)-thin cubes in T 
for which it is possible to construct such an infinite chain, [i w {Poo n f2) = 0. 

Let Pj denote the union of all (A, w)-thin cubes H £ T such that any 
chain of this type stops at the j-th step (that is, such that Hj is (A, w)-fat). 
Following the proof of PP , we get 

HviPj n n) < (2j + \) n 2'^ w {p n n), 

whence 

+oo +oo 

Y,f^(Pj n n) < fi w (p n n) J^(2j + i) n 2-j < +00. 
j=i 3=1 

Since R n = P U P^ U P x U P 2 U the thesis follows. □ 



Some stronger necessary conditions for compactness are given in the fol- 
lowing Theorem, which is a generalization to the weighted case of Theorem 
6.40 in P: 

Theorem 3.4. Let w(x) be a continuous, bounded weight. For every r > 0, 
let fl r , S r be defined as 

Q r := {x 6 O | |x| > r} 

S r := {x € 0, | |x| = r} . 

Moreover, let us denote by A r the surface area, with respect to the weight w, 
of S r . Then if the embedding h'3.1)) is compact, 

(1) for every e > 0, 5 > 0, there exists R > such that if r > R 

fjL w (U r ) < 5 fJ- w ({x e tl\r - e < \x\ < r}); 

(2) if A r is positive and ultimately decreasing as r — > +oo then for every 
e > 

l im ^±£=0. 

Proof. The thesis follows from an easy extension of the argument in 
where the Lebesgue measure \i is replaced by fi w , A-fat cubes are replaced 
by (A, u>)-fat cubes and A r is computed with respect to the weight w. 

□ 
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A consequence of Theorem 13 .41 is the following Corollary, whose proof is 
a simple generalization to the weighted case of the proof of Corollary 6.41 
in pQ, and is therefore omitted. 

Corollary 3.5. Let w(x) be a continuous, upper bounded weight. If the 
embedding 13. 1]) is compact, then for every k G Z 

lim e kr fj. w (fl r ) = 0. 

r— >+oo 



4. A SUFFICIENT CONDITION 

Let w G W(f2) be a lower semicontinuous weight defined on an open set 
C R n . Let us suppose that w vanishes only on a closed subset Ho C H. 
Moreover, let 

f^oo '■= {x G | w{x) = +00} , 
and suppose that Qqo is closed. Both Qq and Oqo have (Lebesgue) measure 
equal to zero. 

Moreover, we suppose that w is bounded from above and from below by 
positive constants on any compact set K C O \ (Qq U fioo)- 

Let us denote by 0, w the subgraph of the weight w(x), that is, the open 
set 

(4.1) Q w := {(x, y) G E n x E | x G fl, < y < w(x) } 

and consider the map 

J : W 1,P {VL, w) — ►W 1 ' p (fi tt ) 

defined by 

(Ju)(x,y) = u(x) a.e.. 

J is well-defined. It is not difficult to see that if u G J(W 1,P (Q, w)), then 
the distributional derivative in the y-direction V y u is equal to zero. J is an 
isometry of W 1,P (Q, w) onto J(W 1,p (U,w)) since for every u G W 1,p (£l, w) 



Ju WwhP(Q w ) = \ \Ju(x,y)\ p dxdy + I \V x (Ju)(x,y)\ p dxdy 



i2 uj 1/ £~2 



ui(a:) \ /■ / rw(x) \ 

|tt(x)| p d?/ dx+ / / |V a .n(x)| p (i7/ 



I Jn Wo 



u(x)| p w(a;) dx + / I Va;n(x)| p u;(x) dx. 
n Jn 

We will denote by W a ' p (Q^) the set J(VF 1 ' p (0, u;)). Moreover, we will denote 

by Ly(Q w ) the completion of W y ' p (U w ) with respect to the norm of L P (Q W ). 

Lemma 4.1. If w(x) satisfies the conditions above, then C^°(Q \ (QoUfioo)) 
is dense in L p (£l,w), for 1 < p < +00. 
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Proof. It suffices to show that, given / E L p {Q.,w), for every e > there 
exists g £ C^°(n\(OoUiloo)) such that ||/ — g\\LP(Ci,w) < e - Let {O n }, n E N, 
be an exhaustion of Vt, defined by 

U n := \ x eU \ min Slo), d(a;, ^oo), d(x, 50)} > — 
[ n 

Let / € w); for every e > 0, there exists n such that 

e 



\f(x)\ p w(x)dx)p < -. 

Since w is bounded from above and from below by positive constants on Qn, 
u E L p (£ln,w) if and only if u E L p (0,n) and there exist C\,C2 > such 
that for every u E L p (Qn,w) 

C% | |u||ip(n_) < ||n|| LP (n-u,) < CiH^llif (n w )- 
Hence E L p (lln;). As a consequence, there exists a function g E 
C c °°(^n) C C c °°(0 \ (O U Ooo)) such that || 5 - /i^IIlp(^) < (2C 1 )~ l e. 
Hence, ||p - /|n w ||i>(n- w ) < f • Tni s implies 

Il5 _ f\\LP(n,w) = \\9 - f\\LP(n-,w) + \\f\\LP(Q\Q-,w) < e - 

□ 

Hence, since C™(Q \ (Q U O^)) C W 1 ""^, w), W l ' p (n,w) is dense in 
L p (n,w). 

Since for every u E W 1,P (Q, w) 



u(x)\ p w(x) dx = I \Ju(x,y)\ p dxdy, 
we get 

Lemma 4.2. Ifw(x) satisfies the above conditions, J can be extended to an 
isometry 

J : L p (£l, w) — > L p (£l w ). 

As a consequence: 

Theorem 4.3. Let w(x) be a weight, satisfying the above conditions. If the 
subgraph Q w of w(x) is such that the embedding 

In w : w^(n w ) — L p (n w ) 

is compact, then the embedding \3.1\) is compact. 

Proof. The embedding is compact if and only if the embedding 

I y : W^ p (fl w ) — L^(^) 

is compact. But I y coincides with P y o Iq w o /, where / is the immersion 
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and P y denotes the "projection" 

Py : L p {yi w ) — > Ly(Q w ), 

defined for a.e. x € Q by 

(P y u)(x) := J u(x, y) dy. 

Since P y and I are continuous, the thesis follows. □ 

We remark that the sufficient condition of Theorem l4.3l is not a necessary 
condition; as a matter of fact, whilst the embedding Iq w can be compact 
only if we assume a certain regularity for the weight w, the embedding 1)3. 1JI 
can be compact even if the weight w is extremely irregular, once provided 
that it is controlled from above and below by a "regular" weight . Indeed, 
the following Proposition holds 

Proposition 4.4. Let <3? be a weight for which the embedding 
(4.2) W 1,p (£l, 3>) — >L p (n,$) 

is compact. Let w(x) be a weight such that there exist a, j3 > such that 
a.e. in £1 

a$(x) < w(x) < 03>(x). 

Then the embedding 

W lj, {n,w) — >L p (Q,w) 

is compact. 

Proof. It is immediate that u £ L p (£l, <3?) if and only if u € L p (£l, w) and 

a ll w llLP(Q,<I>) < IM|L3>(fi,iu) < /?IMI-Z>(fi,$)- 

Analogously, u G W l > p (Q,,§) if and only if u G W l,p {Vl,w) and 

a||t4||^i,P(n,*) - IMlw^p^w) — /3|kllwi.p(n,*)- 

Hence, if {u n } is a bounded sequence in W 1,P (Q, w), it is bounded also in 
W l,p {Q, $). Due to the compactness of the embedding 1)4.2)1 . there exists 
a subsequence {u nk } such that u nk converges in L p (0,$). Hence, u nk con- 
verges also in L P (U, w). □ 

5. Some applications 

Let us now state some simple applications of Theorem 14.31 In the non- 
weighted case the following sufficient condition for compactness holds : 

Theorem 5.1. (^) Let £1 be an open set in W 1 . If 

(1) there exists a sequence {fi^vlivLi of open subsets oftl such that C 
^Ar+i and for every N the embedding 

w^ p (n* N ) — » tf(sr N ) 

is compact; 
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(2) there exist a flow Q, and a constant c > such that if 
0,N = Q \ ^jv then 

(a) fijv x [0, c] C U for every N; 

(b) <E>i is one-to-one, for every t; 

(c) there exists M > swc/i t/iai /or every (x,t) £ U 

\dt$(x,t)\ <M; 

(3) i/ie functions d]y(t) = sup x£ Q N | det J^tix)^ 1 satisfy 

(a) lim A r^ 00 (iAr(c) = 0; 

(b) limAr^oo ^d N (t) dt = 0, 

i/ien i/ie embedding 

W l < p {tt) — ► L p {VL) 

is compact. 

We recall that a flow on Q is a continuously differentiable map <3? : U — > Q, 
where U is an open set in Q x R containing 0, x {0}, with <J>(x,0) = x for 
every Moreover, we denote by §t the map 

$ t : x\ — > $(x,i), 

and by J<I>i the Jacobian matrix of <&f 

Theorem 15.11 together with Theorem 14.31 can be used to get compact- 
ness results for weighted Sobolev spaces. Our first result is connected with 
Example 6.49 in [J: 

Lemma 5.2. Let £1 be a bounded domain in W 1 , with C°° boundary, and let 
w(x) € C 1 (fi) be a weight on U, positive in every compact set K C Q, such 
that, if we denote by r(x) the distance 

r(x) = dist(x, dO,), 

near to the boundary w(x) can be expressed as 

w (x) = f(r), 

where f £ C 1 is positive, nondecreasing, has bounded derivative f and 
satisfies lim r _ > o+ f(r) = 0; then the embedding \S. 1)) is compact. 

Proof. Since the boundary is regular, there exist an open neighbourhood V 
of <9il in f2, a constant a > and a difieomorphism 

dfl x [0, a) — ► V, 
(Z,r) ' — ► x(£,r) 

such that x(£, r) G dVt if and only if r = 0. We can suppose that r is equal 
to the distance of x(£,r) from the boundary. 
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Since w is strictly positive in O \ V, the embedding (j^.lj) is compact if 
and only if W 1,P (V, w) is compactly embedded in L P (V, w). Let us consider 
the subgraph V w of w\y, 

V w = {(£,r,y) £dflx [0,o) xR\r > 0,0 < y < f(r)} , 

and, for JVgN, the sets 

1 



(V w )n :=Ut,r,y)eV w \0<r< ^ 

For N € N, the open sets (V w )^ := 14, \ (V w )n are such that 

(V W )* N C (K,) 

moreover, they satisfy the cone property, hence the embedding 

^((K^) — > L p ((V w )* N ) 

is compact for every A'gN. Let us consider the flow 

/ ffr + t) 

y,t) := U,r + t, JK > y 

defined on the set 

U = {(£, r, y,t) ednx[0,a) xRxR\ (£, r,y) G K,, -r < i < a - r} . 

We simply have to check that the sets (V w )^ and the flow <I> satisfy the 
conditions of Theorem 15.11 It is easy to see that (V w )n X [0, §] C U for 
every N £ N. $t is one-to-one for every t, since 

det(J* t ) = > 0. 

fin 

Moreover, 

|ft<&(e,r,y,t)| = |(0,l,^±^y)|<M 

f(r) 

for some M > since /' is bounded and I j^yl < 1 on V w . 
Further, 

d N (t):= sup |det(J$ t )|- 1 = sup | J^J 
(V W ) N (V W ) N J{ r + t) 

satisfies 

lim d N (-) = lim /(r) - » 



v^+oo V2/ r^o+ /(r + §; 
Analogously, for every t > 



lim d/v(i) = 0, 

N— »+oo 



and by dominated convergence 



lim / 2 d N (t)dt = 0. 



COMPACT EMBEDDING OF WEIGHTED SOBOLEV SPACES 11 

Hence, by Theorem 15,11 the embedding Iy w is compact, and Theorem 14 . HI 
implies that the embedding 1)3. 1JI is compact. □ 

Remark In particular, for f(r) = r a , a > 1, we find compact embedding 
as in [10] . This holds also for a = p — 1. 

In the case of a radial weight on W 1 , combining Theorems 15.11 14.31 and 13.41 

we can even get a necessary and sufficient condition. The following result is 
a sort of "radial" version of Example 6.48 in pQ: 

Lemma 5.3. Let £1 = M. n , and w(x) be a radial function w{x) = g(r) 
where r = \x\ and g £ C 1 ([0, +oo)) is positive, nonincreasing, with bounded 
derivative g' ; then the embedding is compact if and only if 

(5.1) lim ^±£)=0 

s^+oo g(s) 

for every e > 0. 

Proof. Suppose, first, that ()5.1j) holds for every e > 0. Let us consider, on 
M n , polar coordinates (r,0). Then the subgraph of w can be described by 

n w = {(r,6,y)\0 <y < g(r)} . 

For every N € N, let us consider the set 

(U W ) N :={(r,9,y) eQ w \r>N}. 

Then (£l w )* N := £l w \ (£I w )n is bounded and has the cone property; hence, 
the embedding 

w^((n w y N ) — > v ((n w y N ) 

is compact for every N £ N. Moreover (£I w )n C (Q w )*n+i f° r every N £ N. 
An easy computation shows that the flow 

g(r - t) 



$(r,6,y,t) :=[r-t,.. 

V 9{r) 

defined on the set 

U:={(r,9,y,t)\0<t<r}, 

satisfies the conditions of Theorem 15.11 (with c = 1). As a consequence, the 
embedding Iq w is compact, and Theorem 14.31 yields the thesis. 

Conversely, suppose that the embedding (|3.1j) is compact. Then by The- 
orem [231 

A r = ! g{r)r n ~ l drdd = C(n)r n - l g{r) 
J \x\=r 

must fulfill the condition 

r— >+oo A r 

As a consequence, 

g{r + e) C(n)(r + e) n - l g{r + e) 
hm — = hm = — ^-r = (J. 

r^+oo g[r) r^+oo C{n)r n l g{r) 
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□ 

Remark In particular, for g(r) = e ar and for g(r) ~ r a as r — > +00 
(a < 0) we get that there is no compactness, as stated in [TTj . 

Theorem 15.11 together with Theorem \A.'A\ can be used also to deal with 
weights which are not bounded from above. 

Lemma 5.4. Let $7 be a bounded domain in 1", with C°° boundary, and 
let w(x) € C 1 (J7) be a weight on f2, positive in every compact set K C $7; 
moreover, we suppose that, if we denote by r(x) the distance 

r(x) = dist(x, d£l), 

near to the boundary w(x) can be expressed as 

w(x) = f(r), 

where f(r) — > +00 as r — > + , / is strictly decreasing on < r < 5 for some 
5>0, |/'(r)| > ^ and 

(5.2) lim — - = 

/or every e > 0. T/ien £/ie embedding h'J.l)) is compact. 

Proof. As in Lemma 15.21 it suffices to show that W 1,P (V, w) is compactly 
embedded in L p (V,w), where V is a tubular neighbourhood of d£l in S7. To 
this end, consider the subgraph V w of w\y, and, for iV € N, the sets 

(V W ) N :={ti,r,y)eV w \n<y<f(r)}. 

The open sets (V w )n := V w \ (V w )n and the flow 

mr,y,t) := fg / Jf ~ f) r a y- 



defined for < t < y < /(r), fulfill the conditions of Theorem 15.11 Hence, 
Theorem 14.31 implies that the embedding is compact. □ 

Remark The previous Lemma does not apply to the weight w(x) = r a 
when a < 0. In this case, the compactness of the embedding has been 
proved in |1U| . 

Via a similar proof it can be shown that 

Lemma 5.5. Let Q be an open domain in R n such that € £1, and let 
w G C 1 (r2 \ {0}) be a weight of the type w{x) = where f{s) — > +00 

as s — > + , / is strictly decreasing on < s < 5 for some 5 > 0, > ^ 

and 

(5-3) lim f -^L±J± = 

for every e > O.Then the embedding h3. 1\) is compact. 
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w(x) :- 



Finally, we show an example of weight not belonging to the A p class on a 
bounded domain: 

Lemma 5.6. Let us consider the set SI := (— «, \ ) an d the weight 

1 if x < 

(logi)a ifx>0. 
Then the embedding \3. 1\) is compact. 
Proof. Consider the subgraph ft w . Since the set 

Q~ := {(x,y) E M 2 \ x G Q,x < 0, < y < w(x)} 

has the cone property, in order to prove the compactness of the embedding 
(13.11) . it suffices to show that the embedding I n + is compact, where 

0+ := {(x,y) eR 2 \ x £ Q,x > 0, <y < w(x)} . 

To this purpose, it is not difficult to check that the subsets (0+)^ := $1+ \ 
(^+)iv, where 

(n+) N :={(x,y) £n+\N <y < w(x)} , 
and the flow <£, defined by 

f e -(y-t) 2 \ 
<$(x, y, t) := I — — — x, y-t\ 

for < t < y, satisfy the conditions of Theorem 15.11 Via Theorem 14.31 the 
thesis follows. □ 

Hence in this Poincare-Wirtinger inequality holds even if the weight 

does not belong to the A p class. 
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